Abstract. The purpose of this paper is to study derivations and generalized derivations satisfying certain differential identities on Jordan ideals and Lie ideals of 3-prime near-rings. Moreover, we provide examples to show that hypothesis of our results are necessary.
Introduction
Throughout this paper, N will be a left near-ring with multiplicative center Z(N); and usually N will be 3-prime if for all x, y ∈ N, xNy = {0} implies x = 0 or y = 0. A near-ring N is called zero-symmetric if 0x = 0, for all x ∈ N (recall that left distributivity yields x0 = 0). According to the reference [12] , an abelian near-ring N is a near-ring such that (N, +) is abelian. An additive mapping d : N → N is a derivation if d(xy) = xd(y) + d(x)y, for all x, y ∈ N, or equivalently, as noted in [13] , that d(xy) = d(x)y + xd(y), for all x, y ∈ N. Let d be a derivation of N, an additive mapping F : N → N is said to be a right generalized derivation of N associated with d if F (xy) = F (x)y + xd(y), for all x, y ∈ N and F is said to be a left generalized derivation of N associated with d if F (xy) = d(x)y + xF (y), for all x, y ∈ N. Moreover, F is said to be a generalized derivation of N associated with d if it is both a right and left generalized derivation of N associated with d. Note that, in 3-prime near-ring, F = 0 implies that d = 0. For any pair of elements x, y ∈ N, [x, y] = xy − yx and x • y = xy + yx will denote the well-known Lie product and Jordan product respectively. Recall that N is called 2-torsion free if 2x = 0 implies x = 0, for all x ∈ N. An additive subgroup J of N is said to be Jordan left (resp. right) ideal of N if n • j ∈ J (resp. j • n ∈ J), for all j ∈ J, n ∈ N and J is said to be a Jordan ideal of N if j • n ∈ J and n • j ∈ J, for all j ∈ J, n ∈ N. An additive subgroup U of N is said to be Lie ideal of N if [u, n] ∈ U , for all u ∈ U , n ∈ N. In [1, 5, 6, 10] and [13] commutativity of near ring satisfying algebraic conditions involving derivations been studied. In the present paper, we continue the line of investigation regarding the study of commutativity of Jordan ideal and Lie ideal of a 3-prime near ring admitting a nonzero derivation satisfying some algebraic identities.
Some Preliminaries
We begin with the following results which will be used extensively to prove our theorem. The first Lemma appears in [4] , [5] and [13] .
Lemma 2.1. Let N be a 3-prime near-ring and d a nonzero derivation of N. Using Lemma 2.4, we deduce that in all our results in the paper that N is a zero-symmetric near-ring. (
Lemma 2.8. Let N be a 3-prime near ring and U be a nonzero Lie ideal of N.
Proof. (i) Suppose that xU = {0}. Then x[u, n] = 0, for all u ∈ U and n ∈ N which implies that xNu = {0}, for all u ∈ U . By 3-primeness of N, we have x = 0.
(ii) For all x, y ∈ N and u ∈ U , we have
This implies that u(
for all x, y ∈ N which completes the proof.
Main Results
In this section, we give some new results and examples concerning the existence of Jordan ideal and derivations in near-rings. We begin this section by the following interesting results for near-rings. 
Replacing j by j • n for all n ∈ N and using the definition of d together with our initial hypothesis, we obtain for all j ∈ J, n ∈ N
Using (3.3) in (3.2), we get
For z ∈ Z(N), replacing n by z in (3.4), it follows from (3.4) that 2d 2 (z)d(j) = 0, for all j ∈ J. By 2-torsion freeness with Lemma 2.1 (iv), we obtain d 2 (z)Nd(J) = {0}, for all z ∈ Z(N). The 3-primeness of N implies that 
Since N is 3-prime and j 0 = 0, we have d 2 = 0, a contradiction with Lemma 2.1 (iii). 
(ii) N is a commutative ring.
Proof. It is obvious that (ii) implies (i). So we need to prove that (i)⇒(ii). (i)⇒(ii) Suppose that d(jn) ∈ Z(N)
, for all j ∈ J, n ∈ N. This implies that d(j)n + jd(n) ∈ Z(N), for all j ∈ J, n ∈ N. Replacing n by in, we get
Using our hypothesis, the above relation gives
Taking mn instead of n in the last equation and using it again, we arrive at
By 3-primeness of N, we find that
If there exists j 0 ∈ J such that d(j 0 )i = 0, for all i ∈ J, then replacing i by i • n, we have
, for all i ∈ J. Since J = {0}, then 3-primeness of N forces that d(j 0 ) = 0. In this case (3.6) becomes
If there exists j 0 ∈ J such that d(j 0 ) = 0, then by hypothesis we have
By a simple calculation, (3.8) can be rewritten as
Replacing n by nj 0 in the last expression and using it again, we arrive at
Using again the 3-primeness of N, (3.9) gives Using the last expression with (3.10), we obtain
By Lemma 2.1(ii), we arrive at j ∈ Z(N), for all j ∈ J and Lemma 2.7 (ii) forces that N is a commutative ring. 
Proof. (i) We are assuming that
Replacing n by jn in (3.13) and using the fact that
This expression gives us d(j)(n • j) = 0, for all j ∈ J, n ∈ N, it follows that
Substituting nm in place of n in (3.14), we get
which can be rewritten as
Equivalently,
By 3-primeness of N, we have
Suppose there is an element j 0 ∈ J such that j 0 ∈ Z(N). Then (3.13) becomes 2d(nj 0 ) = 0, for all n ∈ N and using 2-torsion freeness of N, we get d(nj 0 ) = 0, for all n ∈ N. Replacing n by nj 0 in the last expression and using it with the definition of d, we arrive at nNj 0 Nd(j 0 ) = {0}. Again by 3-primeness of N, we conclude that d(j 0 ) = 0 in this case, (3.15) implies that d(J) = {0} which forces that J is commutative by Lemma 2.5 and Lemma 2.6.
(ii) Suppose that
Substituting jn in place of n in (3.16) and using the fact that
Replacing n by nm in the above equation and using it, we can easily get
If there is an element j 0 ∈ J such that j 0 ∈ Z(N), then (3.16) becomes 2nj 0 = 0, for all n ∈ N. By the 2-torsion freeness of N, we arrive at nNj 0 = {0}, for all n ∈ N and by 3-primeness of N, we conclude that j 0 = 0. In this case (3.18) forces that d(j) = 0, for all j ∈ J which shows that J is commutative by Lemma 2.5 and Lemma 2.6. (iii) Assume that
Substituting jn instead of n in (3.19), we have
Using the definition of d with Lemma 2.2, we obtain
Simplifying equation (3.20), we find that
Using the same techniques as used after the equation (3.17), we can easily get the required result.
(iv) Assume that
Substituting jn instead of n in (3.22), we have
Using the definition of d and Lemma 2.2, we obtain
Simplifying equation (3.23), we find that
Applying the same techniques as used after the equation (3.17), we get the required result. 
Replacing n by un in (3.25) and using it, we get
This implies that
Since (3.26) is the same as (3.14), using the same techniques as used after the equation (3.14), we can easily arrive at
If d(u) = 0, for all u ∈ U , substituting [u, n] in place of u for n ∈ N, we obtain ud(n) = d(n)u, for all u ∈ U , n ∈ N. Now replacing n by d(n)m and using it, we have
Substituting mr in place of m in last expression and using it, we get d 2 (n)N[u, r] = {0}, for all u ∈ U and r, n ∈ N. By 3-primeness of N, we have u ∈ Z(N) or d 2 = 0. In this case Lemma 2.1 (iii) assures that U ⊆ Z(N). Hence N is abelian by Lemma 2.8 (ii).
Replacing n by un in (3.28) and using it, we get
Since (3.29) is the same as (3.17), using the same techniques as used after the equation (3.17), we can easily arrive at
Arguing in the similar manner as we have done in part (i), we get the required result.
Theorem 3.5. Let N be a 2-torsion free 3-prime near-ring, U a nonzero Lie ideal of N and F a left generalized derivation associated with a derivation d such that
Proof. Suppose that
Replacing n by u, we obtain u 2 ∈ Z(N), for all u ∈ U . Putting u 2 in place of n in (3.31), we get u • u 2 ∈ Z(N), for all u ∈ U which implies that u 2 (2u) ∈ Z(N), for all u ∈ U .
Since u 2 ∈ Z(N), for all u ∈ U, then the last expression becomes
If there is u 0 ∈ U such that 2u 0 ∈ Z(N), then replacing n by 2u 0 in (3.32), we obtain (2u 0 )(2v) ∈ Z(N), for all v ∈ U which forces that 2u 0 = 0 or 2v ∈ Z(N), for all v ∈ U . By 2-torsion freeness of N, we get u 0 = 0 or 2v ∈ Z(N), for all v ∈ U.
In this case, (3.32) becomes By 2-torsion freeness of N, we obtain v = 0 or v ∈ Z(N), for all v ∈ U which implies that U ⊆ Z(N). Hence N is abelian by Lemma 2.8 (ii).
The following example demonstrates that in Theorem 3.2 and Theorem 3.3 the restriction N to be 3-prime near ring is not superfluous. , for all j ∈ J, n ∈ N. However, J is not commutative.
